This paper deals with the fractional neutral evolution differential inclusions. The existence results are established by using the fractional power of operators and a fixed point theorem for multivalued map. Moreover, we present a new generalized Gronwall inequality with singularity, which is an important tool in the proof of solvability.
Introduction
In recent years, the theory of fractional differential equations is an important area of investigation for its wide applicability in the fields of physics, engineering, and economics. For more details, we refer to the monographs of Oldham , where x t (·) represents the history of the state from time t -τ up to the present time t. Neutral fractional differential systems arise in many areas of applied mathematics and have received much attention recently. For some applications and recent results, we refer to [-] and the references therein. Very recently, Wang and Zhou [] studied the existence and controllability results for fractional evolution differential inclusions involv-ing the Caputo derivative in Banach spaces. Yan [] investigated the controllability of fractional-order functional integro-differential inclusions with infinite delay in Banach spaces. We remark that the existence or the controllability results in these mentioned papers are obtained under strong assumptions on the nonlinear parts f and F in equations and inclusions, respectively. The purpose of this paper is to release the limitation on the nonlinear term. For this purpose, we first present a new generalized Gronwall inequality with singularity, which is effective in dealing with fractional neutral evolution systems.
The remainder of the paper is arranged as follows. In Section , we give some basic definitions and preliminary results. A new generalized Gronwall inequality is proved in Section . Section  is devoted to the existence result of mild solutions for problem (.). An example is presented in Section  to illustrate our main theorem.
Preliminaries
Let (X, | · |) be a Banach space, and J ⊂ R. Then C(J, X) is the Banach space consisting of all continuous functions from J into X equipped with the norm y J = sup{|y(t)| : t ∈ J}, and B(X) denotes the Banach space of all bounded linear operators from X into X with the norm
where T ∈ B(X) and y ∈ X.
For  ≤ p ≤ ∞, define the norm of a measurable function m : J → R by
where μ(J) is the Lebesgue measure on J. Denote by L p (J, R) the Banach space of all Lebesgue-measurable functions m : J → R with the norm satisfying · L p J < ∞.
Lemma . (Hölder inequality) Let r, p ≥  and
 r +  p = . If l ∈ L r (J, R) and m ∈ L p (J, R), then lm ∈ L  (J, R) and lm L  J ≤ l L r J m L p J .
Lemma . (Bochner theorem) A measurable function x : J → X is Bochner-integrable if |x| is Lebesgue-integrable.
Let -A be the infinitesimal generator of an analytic semigroup {T(t)} t≥ of uniformly bounded linear operators on X. Let  ∈ ρ(A), where ρ(A) is the resolvent set of A. Then we can define the fractional power A α for  < α ≤  as a closed linear operator on the domain D(A α ). We have the following known results:
(ii) For any α ∈ (, ], there exists a positive constant C α such that
For details on fractional powers of closed operators, we refer to [] .
where is the gamma function.
Next, we present some basic definitions and results on multivalued maps. See [] for more details.
Let (X, d) be a metric space, and P(X) be the family for all nonempty subsets of X. We give the following notation:
is convex (closed) for all x ∈ X; F is bounded on bounded sets if F(B) = U x∈B F(x) is bounded in X for all B ∈ P bd (X), that is, sup x∈B {sup{|y| : y ∈ F(x)}} < ∞; F is said to be upper semi-continuous (u.s.c. for short) on X if for each x  ∈ X, the set F(x  ) is a nonempty, closed subset of X and if for each open set U of X containing F(x  ), there is an open neighborhood V of x  such that F(V) ⊂ U ; and F is completely continuous if F(B) is relatively compact for every B ∈ P bd (X).
If a multivalued map F is completely continuous and has nonempty compact values, then F is u.s.c. if and only if F has a closed graph, that is, x n → x * , y n → y * , y n ∈ F(x n ) imply y * ∈ F(x * ).
Consider 
(ii) has a fixed point if there exists x ∈ X such that x ∈ N (x). 
is a closed graph operator in C(J, X) × C(J, X).
The main tool in our approach is the following fixed point theorem.
Theorem . ([, ]) Let X be a Banach space, and
A : X → P cl,cv,bd (X) and B : X → P cp,cv (X) be
two multivalued operators satisfying (a) A is a contraction, and (b) B is upper semicontinuous and completely continuous. Then, either
(i) the operator inclusion λx ∈ Ax + Bx has a solution for λ = , or (ii) the set U = {u ∈ X|u ∈ λAu + λBu,  < λ < } is unbounded.
A generalized Gronwall inequality
In this section, we establish a generalized Gronwall inequality, which is important in proving the existence result. The proof is based on an iteration argument.
Theorem . Suppose that α, β > , a(t) is a nonnegative function locally integrable on R + , g(t) and h(t) are nonnegative, nondecreasing continuous functions defined on R + , and u(t) is a nonnegative and locally integrable function on
R + such that u(t) ≤ a(t) + g(t) t  (t -s) α- u(s) ds + h(t) t  (t -s) β- u(s) ds, t ∈ R + . Then, for each constant b ≥ , t ∈ [, b], we have u(t) ≤ a(t) + t  ∞ n= n k= C k n (g(t) (α)) k (h(t) (β)) n-k (kα + (n -k)β) (t -s) kα+(n-k)β- a(s) ds. (.) Proof Let Bψ(t) = g(t) t  (t -s) α- ψ(s) ds + h(t) t  (t -s) β- ψ(s) ds for locally integrable functions ψ. Then
u(t) ≤ a(t) + Bu(t).
By iteration we have
Next, we shall prove the following two statements:
Proof of (i). From the definition of B we have (i) is true for n = . Assume that (i) is true for some n = m. Then, for n = m + ,
By interchanging the order of integration and by the equality
Therefore, by induction we get that (i) is true. Proof of (ii). First, there exists N  >  such that for n > N  , we have
By Lemma ., for n > N  , we have
Choosing constants c  , c  >  satisfying  < c  + c  < , we can easily get that there is an
Therefore, for n > N and t ∈ [, b], we have
Similarly, we can prove that for n > N and t ∈ [, b],
Proof of (ii) is completed.
As a consequence of (i) and (ii), we complete the proof of Theorem ..
which is Theorem  in monograph [].
Existence result
According to [] , we introduce the definition of the mild solution to problem (.).
where
Remark . ([])
The function ξ q (θ ) is a probability density function defined on R + , and
Lemma . ([]) The operators S q and T q have the following properties: (i) For any fixed t ≥ , S q and T q are linear and bounded operators, that is, for any
(ii) {S q (t)} t≥ and {T q (t)} t≥ are strongly continuous.
(iii) If T(t) is compact for t > , then S q (t) and T q (t) are also compact operators for t > . (iv)
For any x ∈ X, β ∈ (, ), and η ∈ (, ], we have
and
, <t ≤ b.
Let us list the following hypotheses: (H) T(t) is compact operator for every t > . (H) The multivalued map F : [, b] × C([-τ , ], X) → P b,cl,cv (X) satisfies the following conditions: (i) For each t ∈ [, b], F(t, ·) is upper semicontinuous, for each x ∈ C([-τ , ], X), F(·, x)
is measurable, and the set
where q  ∈ [, q). (H) There exists a constant β ∈ (, ) such that g ∈ D(A β ), A β g is continuous, and
Theorem . Assume that hypotheses (H)-(H) are satisfied. Then problem (.) has one mild solution, provided that
L  = L A -β + b qβ C -β ( + β) β ( + qβ) < , A -β L  < . (.)
Proof Transform problem (.) into a fixed point problem. Consider the multivalued operator : C([-τ , b], X) → P(C([-τ , b], X)) where x is defined as the set of ρ ∈ C([-τ , b], X)
such that
We know that the fixed point of is the mild solution of problem (.). Consider the operators A :
It is clear that = A + B. Mild solutions of problem (.) are converted to the fixed points of x ∈ Ax + Bx. We shall show that the operators A and B satisfy the conditions of Theorem . by the following steps.
Step . A is a contraction.
Therefore,
so that A is a contraction since L  < .
Step . Bx is convex for each
Since N F,x is convex, we have λρ  + ( -λ)ρ  ∈ Bx.
Step . B sends bounded sets to bounded sets in C ([-τ , b] , X). It suffices to prove that there exists a constant l >  such that for each ρ ∈ Bx,
, and r = sup{r(t),
Then from (.) and (.) we get that
Step . B maps bounded sets to equicontinuous sets of
Then,
By using a similar argument as that used in (.), we can conclude that
On the other hand,
Hypothesis (H) and Lemma . imply that T q (t) is continuous for t > . Then we get that I  tends to  independently of x ∈ B k  as t  → t  .
Consequently, |ρ(t  ) -ρ(t  )| →  independently of x ∈ B k  as t  → t  , which means that B(B k  ) is equicontinuous.
Step
Obviously, V () = {} is relatively compact in X. Let  < t ≤ b be fixed. For x ∈ B k  and ρ ∈ Bx, there exists f ∈ N F,x such that
For arbitrary ∈ (, t) and δ > , define the operator ,δ on B k  by
According to the compactness of T(t), t > , we get that the set V ,δ (t) = {( ,δ x)(t), x ∈ B k  } is relatively compact in X for all ∈ (, t) and δ > . Moreover, for every x ∈ B k  , we have
In view of (.), we have
From lim δ→ δ  θξ q (θ ) dθ =  we conclude that there exist relatively compact sets arbitrarily approximating the sets V (t), t > . Hence, the sets V (t) are relatively compact in X for all t > .
Step . B has a closed graph. Let x n → x * , ρ n ∈ Bx n , and ρ n → ρ * as n → ∞. We shall prove that ρ * ∈ Bx * . Since
We need to prove that there exists f * ∈ N F,x * such that
Consider the continuous operator T :
We can easily obtain that T is continuous. On the other hand,
From Theorem . it follows that T • N F is a closed graph operator. Moreover, we have that
Since x n → x * , by Theorem . there exists f * ∈ N F,x * such that
This implies that ρ * ∈ Bx * .
Therefore, the multivalued map B is completely continuous and u.s.c. with convex closed values.
By (H) and (H), for each t ∈ [, b], we have
Therefore, we obtain that
(kqβ + (n -k)q) (kqβ + (n -k)q) .
This shows that U is bounded. As a result of Theorem ., we obtain that has a fixed point, which is the mild solution of system (.). This completes the proof.
An example
As an application, we consider the following fractional differential inclusions: Then -A generates a strongly continuous semigroup {T(t)} t≥ , which is compact, analytic, and self-adjoint. Furthermore, -A has a discrete spectrum: the eigenvalues are -n  , n ∈ N, with the corresponding normalized eigenvectors v n (z) = ( 
